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This note is concerned with the study of the Brauer group of a connected 
linear algebraic groups G defined over an algebraically closed field K. Definite 
results are obtained when k has characteristic zero and G is character free. 
To a projective representation p: rr,G - PGZ,(k), we associate an Azumaya 
algebra AZ(p) over G and show that all Azumaya algebras over G are obtained 
in this way. Moreover, the class of AZ(p) is the Brauer group of G is trivial if 
and only if p can be lifted to a linear representation. 
From this description it follows that Br G is a finite group which is zero if 
and only if rrrG is a cyclic group. 
In 
It also follows that Br G =<$(G, G,), the cohomological Brauer group. 
case k = @ we find Br G N Ha(n,G, Z) and that the topological Brauer 
group coincides with the algebraic geometric Brauer group. 
For example PSO,,+, has fundamental group Z/2 x h/2, and therefore 
Br PSO,, = Z/2. We find that Br PSO,, is generated by the class of an 
Azumaya algebra of rank 4. 
The main ingredients in the proof are the universal coefficient theorem 
for etale cohomology (Section l), some topology of Lie groups, especially 
Elie Cartan’s theorem, to the effect that a complex semisimple Lie group 
has vanishing ~a (Section 2), Schur’s theory of projective representations 
(Section 3), and Galois theory for the Brauer group (Section 4). The glue in 
the proof is the comparison theorem between classical and etale topology. 
I should like to thank J. DuPont, J.-P. Jouanolou, and J. Tornehave for 
stimulating discussiobs. 
I. COHOMOLOGICAL BRAUER GROUP 
k denotes an algebraically closed field, L a prime # char k. All varieties 
will be defined over k. 
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For an abelian group A we let AZ denote the completion of A in the &adic 
topology and T,A the Tate module of A. Thus 
Ai = lim A/bA, - TtA = &,A. 
Moreover, A(b) d enotes the subgroup of elements annihilates by powers of e. 
1.1 UNIVERSAL COEFFICIENT THEOREM FOR &ADIC COHOMOLOGY. For a 
variety X and integer i > 1 there is a canonical exact sequence 
0 -+ H:;l(X, G,); ---f E&(X, &( 1)) -+ T,H;,(X, G,) - 0. 
Proof. This results immediately from Kummer theory (see [8, Sect. 81). 
In order to draw the needed consequences of the universal coefficient 
theorem we shall list the basic properties of the groups E&(X, G,). Let X be 
a smooth variety. 
(1.2) 2$,(X, G,) is a torsion group for all i 3 2 [7, Proposition 1.41. 
(1.3) #,(X Gn)V) is a cofinite &-module for all i E N [7, Sect. 31. 
By a cofinite &-module we understand a module of the form (&/&)m + 
a finite t-group. A cofinite &-module A contains a divisible submodule A0 
with the property that A/A0 is finite, as follows from the duality between 
cofinite modules and finitely generated modules. We put Cotors A = A/A”. 
(1.4) %2X, ‘%W* is a finitely generated abelian group [lo]. This 
group will be denoted U*(X). 
(1.5) If  X is a proper variety or a rational variety then Pit(X) = 
H:,(X, G,) contains a divisible subgroup PicO(X) with the property that 
NS(X) = Pic(X)/Pic”(X) is finitely generated [7, Sect. 3.51. 
(1.6) There is a canonical injection Br(X) -+ Z$(X, G,). I f  dim X < 2 
then this is an isomorphism [7, Sect. 23. 
PROPOSITION 1.7. For a smooth variety X which is either proper or rational 
there are canonical exact sequences 
0 --f U*(X) Oz 2, + E&(X, t,(l)) - T@‘icO(X)) - 0, 
o + h’s(x) @z f, - H&K t,( 1)) - Te(K$(K Gm)(4°) - 0, 
for i 2 3; 
0 -+ Cotors Hi,l(X, G&e) - E&(X, &( 1)) 
- T,(&,(X Gn)(4°) - 0. 
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Proof. This results from the Universal Coefficient Theorem (Theorem 1.1) 
and the preceding facts. 
2. TOPOLOGICAL BRAUER GROUP 
PROPOSITION 2.1. Let G be a semisimple complexliegroup. Then H1(G, Z) = 
0, H2(G, Z) = H2(r,G, Z), and 
Tors H3(G, Z) = H3(wlG, h). 
Proof. We shall first give a simple proof of n,G = 0 (E. Cartan) (see 
[ll, Sect. 301). 
We may assume G simply connected. Pick a Bore1 subgroup B of G and 
a maximal torus T contained in B. By the Bruhat decomposition [4, Expose 131, 
H,(G/B, Z) is a free abelian group of rank equal to dim T. The homotopy 
sequence of the fibration G + G/B yields n,G/B = 0 and the exact sequence 
0 -+ n,G + n,G/B + vlB + 0. 
Now rlB = rrlT and by Hurewicz [12, p. 3981, nzG/B = H,(G/B, E). Thus 
the last two nontrivial groups in the sequence are free abelian groups of the 
same rank. Whence r2G = 0. 
Returning to our initial problem we let G denote the universal covering 
of G. We have rlG = TT,G = 0 and by Hurewicz H,(G, Z) = H2(G:, Z) = 0. 
Using the universal coefficient theorem for cohomology [12, p. 2441, we find 
that Hr(G, Z) = H2(c’, i2) = 0 and that H3(~, Z) is torsion free. 
The spectral sequence 
HJ+-rlG, H@, Z)) * HP+g(G, Z) 
yields Hl(G, Z) = 0, H2(G, Z) = H2(rlG, H), and an exact sequence 
0 + H3(qG, Z) ---f H3(G, Z) + H3(C, Z!). Q.E.D. 
3. SCHUR MULTIPLIERS 
In this section we collect the classical facts about projective representations 
of a finite group over an algebraically closed field k of characteristic zero. 
For a finite group rr we let R,r, respectively, Pkrr denote the monois whose 
underlying set consists of isomorphism classes of linear, respectively, projec- 
tive K-representations of 7~, the multiplication being induced by 0. 
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(3.1) There is a canonical exact sequence [9, V, 24.21: 
Rkrr --f Pk:p --f H+, k*) ---f 0. 
(3.2) H2(rr, k*) is a finite group [9, V, 23.21. 
(3.3) H2(.rr, k*) is independent of k, in the sense that a morphism of 
algebraically closed fields k + K induces an isomorphism Hs(m, k*) --f 
H2(m, K*), [9, V, 23.51. 
(3.4) If  w1 and xa are finite groups whose orders are mutually prime, 
then 
H2(Tr, x 772 ) k*) 2 H2(7rl , k*) x H2(n,, k*) 
[9, V, 25.101. 
(3.5) If  ?r is an abelian p-group with elementary factors or , q2 ,..., qk , 
qi f  qi-l , then H2(k*, n) is a p-group with elementary factors 
qy, . . * , 41 , q;-2,..., q2 ?...Y $2-2 Y qlc-2 9 !7k-1 
[9, V, 25.111. 
THEOREM 3.6. Let rr be a$nitegroup. Then 
HqT, a=*) 2 w+yTr, Z) for i>l. 
Proof. The short exact sequence 
shows that it suffices to prove that Hi(n, C) = 0 for i > 1. This follows from 
the fact that n is finite and @ is uniquely divisible. Q.E.D. 
4. ALGEBRAIC GEOMETRIC BRAUER GROUP 
In this section k denotes an algebraically closed field of characteristic zero 
and G a connected linear algebraic group defined over k. We shall assume 
that G is character free, Let rr,G denote its fundamental group [5] and G its 
universal covering. 
To a projective representation p: n,G -+ PG/%(k) there corresponds in an 
obvious way an action of rlG on the k-algebra Mns, of n x n matrices. Let 
m,G act to right on G x M,,, via the formula 
k, m> P = (gP> P-w .gf G m E Mnsk , p E rlG. 
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The quotient space G x ho M,,k comes equipped with a projection onto G 
and is seen to define an Azumaya algebra over G which we denote AZ(~). 
With the notation of Section 3 we get a canonical map 
Pp,G -+ Br G, 
which is seen to be additive. 
THEOREM 4.1. For a character free, connected linear algebraic group G, 
the canonical sequence 
R,x,G + P,rr,G + Br G + 0 
is exact. Moreover, Br G = Hf;(G, G,). 
Proof. Let us first prove that for any prime /we have 
%(G, G,)(L) = Tars ff%G, &(l)). (4.2) 
According to Proposition 1.7 it suffices to prove that Hzi(G, f,(l)) is finite. 
Now the &adic cohomology groups H2(G, $(I)) are unchanged by a base 
extension K -+ K where K is algebraically closed as follows from [ 1, Expose 16, 
1.1.61. 
By a standard procedure, it now suffices to prove the finiteness of 
Hzt(G, &(l)) in case /z = C. 
By the fundamental comparison theorem [l, Expose 1 I], between &ale and 
classical cohomology, we have 
Hi(G, H) Oh f, z H:,(G, f,(l)). 
Next, note Proposition 2.1 holds for a character free G as it follows from 
considering the fibration G + G,, where G,, denotes the semisimple part of 
G. The fiber of this fibration is contractible. Combining the previous fact 
finishes the proof of (4.2). 
Let us recall (1.2), that Hft(G, Gm) is a torsion group. It now follows from 
(4.2) and the same kind of reasoning as above that 
H,2t(G, G,) is a finite group which is inchanged by base extension 
k - K, with K algebraically closed. 
Let us also remark that rr,G is unchanged by the same kind of base exten- 
sions, as follows from [5]. Also recall that the algebraic fundamental group 
and the topological fundamental group coincides in case k = C. Let G 
denote the universal covering of G. Combining the preceding facts with 
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Proposition 2.1 we obtain Br G = 0. By [3, Corollary 5.51 we have an exact 
sequence 
0 --+ IP(n,G, U(G)) --f Pit G -+ Hs(m,G, Pit G) 
- H2(~,G, u(@> --+ Br G --f II,(r,G, Pit G), 
where U(G) denotes the multiplicative group of zero-free regular functions 
on G. Since G is character free we have u(G) = K* by [IO]. Moreover 
Pit G = 0 according to [5, Corollary 131. 
The composite of Pk(n,G) --f H2(n,G, k*) and H2(‘rrlG, k*) -+ Br G 
coincides with the map introduced in the beginning of this Section. Now, the 
first part of the theorem follows from (3.1). The second part follows from 
(4.2), Theorem 3.6, and Proposition 2.1. Q.E.D. 
COROLLARY 4.3. Let G be a connected character free linear algebraic group 
defined over k. Then Br G is a $nite group which is zero if and only if n,G is a 
cyclic group. 
Proof. The finiteness follows from Theorem 4.1, (3.1) and (3.2). The 
rest follows from (3.4) and (3.5). Q.E.D. 
EXAMPLE 4.4. PSO,, = SO,,/{-&l>, m >, 1, has fundamental group 
Z/2 x Z/2 and therefore by (3.5), Br PSO,, = P/2. This group is generated 
by an Azumaya algebra of rank .4. Namely, the projective representation 




Note that A2 = 1, B2 = -1, ABA-lB-1 = -1, which shows that this 
representation does not lift to a linear representation. 
COROLLARY 4.6. In case k = @, the algebraic Brauer group Br G and the 
topological [6] coincide. In fact 
Br G z H3(r1G, Z) 
Proof. By a theorem of Serre [6, Corollaire the Theorem 1.61, the topo- 
logical Brauer group of G equals the torsion part of H3(G, Z). Using the 
comparison theorem between classical and etale topology, Proposition 2.1, 
and (4.2), the corollary follows. Q.E.D. 
Remark 4.7. For an arbitrary algebrsally closed field of characteristic 
zero, we still have an isomorphism Br G --t H3(rr,G, Z), as follows from (3.3) 
and Theorem 3.6. This isomorphism is, however, noncanonical. 
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Remark 4.8. Let T be a two-dimensional torus defined over C. Then 
Br T = Q/Z, as follows from the results quoted in Section 1. 
Remark 4.9. Let X be a smooth rational algebraic variety defined over C. 
If  rlX is finite and rr,X = 0 then the conclusions of Theorem 4.1 and 
Corollary 4.6 hold with X = G (th e role of “rational” is to ensure that Pit X 
satisfies the finiteness condition (1.5). 
PYOO~. As in the proof of Theorem 4.1 let us first assume that nlX = 
msX = 0. This implies 2$(X, &(I) = H$(X, &(I)) = 0 and therefore by 
Proposition 1.7 that U*X = Pit X = 0. One can now proceed as in the 
proof of Theorem 4.1. Q.E.D. 
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